Episode 13

Free Vibration of Damped Systems

ENGNO0040: Dynamics and Vibrations
Allan Bower, Yue Qi

School of Engineering
Brown University



Topics for todays class

Free Vibration of Damped Systems

1. Modeling energy dissipation — the dashpot

2. Damped harmonic oscillator

3. Terminology
4. Examples

5. Measuring damping experimentally
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Canonical vibration problem: The spring-mass system is kL
released with speed v from position sy at time t=0. Find s(t) A Y zl
/‘?ﬁwao/x . (1) Eom | —c
R) Find solatem 1 Fables
Fs
EON (F=ma) «—
,‘,___
-k mas & L
oft.* -

Fo= k(s-Lb) Fod = coS/elt

—

~k(s-t0) = cods/dt = md%/AES
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List of standard ODEs for vibration problems
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1 dzx
Casell ——5-x=-C
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2 A 2
Caselll Ldx, 26 . ¢ dt {On
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1 d*x 2cdc , _
Case IV ——F5+—=—+x=C+KF() with F()=Fsinot
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Solution to Case lll (From pdf on website)

1 d°x 2 d _ dx
Solutionto  —; : e B g Ys with X=Xy gl t=0
@}, dt= @, dt 1t
Let oy =0, |l- ;’3 (Note absolute value)

(v (o L o
Overdamped ¢ >1 x)=C+exp(—co,) ];m +(cw, + 047 XXy C)exp(mdr)—lf}"'("m” w;)(xp—C)

20,4 20,4

exp (-radr}}

Critically Damped ¢ =1 x(#)=C+{(xy —C)+[v + @,(xy — O)| t}exp(~@, 1)

Underdamped ¢ <1 x(t)=C+ exp(—:_.‘m,,f){(xn _C)cosayr +207 "‘a:;(x” ~ in {Udf}
d
Qﬁdﬁ// Wp = f R
iy
S = _C
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Urdecdampeod  Solutin (5 < 1)

X(t)= A exp (-5int) Sin (W it +0) \‘r’ Aexp (-SwnéJq
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() To stop vibations B2 = C22[km’

(2) For fastert retum Wz’éﬁdk{m
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Solving the case lll vibration equation

Background: Complex Variables

Define 1=+-1 General complex number z=a+ib

Complex conjugate Z=a—ib mwmp a=(+2)/2 b=-i(z-Z)/2

Euler’s formula € =cos@ +isin@

/ \

Polar / rectangular conversion Trig functions

: _ —if
n+r’bzpei9 p= 22+ b2 6 =tan (b /a) cosf = (e +e )f"’

- I - —i6
a=pcosf b=psinb Smg_—"(e —€ )”{2

it 2 _iwt
de _f(wimr d-e _(o“ewr

Calculus



Solving the case lll vibration equation

1 dzx 2¢ dx dx

Solve: —+ 2" 4 x=C x=xy —=V =0
. d . 10 10 I
2 .-.
G - At /E.-b Z_F Al T .
uess x=4e" +C —> ~+ +1|{4e”" =0 (characteristic equation)
O @,
RoOts 2= —ca, &2 -1
< >1 (Overdamped) = two real roots A=—Lo, oy
& =1 (Critically damped) = one real root =— o, o, = ‘\ _1‘
£ <1 (Underdamped) = two complex roots =—Lo, iy, T
Note absolute
General Solution: value
>1 = x=C+ .413(_‘5@” o)t Aze(_"’m”_m" )
—Cw,t —Co,t A, 4> Determined by

=12 x=C+4e + A, fte

L . initial conditions
<l =>x=C+ Ale(_“’m” +Hwg )t " Ale(—x,m,,-wd)r



Solving the case lll vibration equation

Overdamped Solution: & >1 = x =C + Ay @)l 4 g o(=@n=@a)t

Initial Conditions:  x(0)=C+ 4; + 4, = x;

dx B B}
—|  =4(@; - 4a,) - 4(y; +Sw,)=vy
dt t=0

o+(S Xp — o+ (S, — xn —C
:,Al:‘n'*'(-f%‘*‘fﬂd)(’ﬂo C) 4, =0 (Sw, — @) (xg —C)

20y, 20,

|

vo +(c®, — @ )(xo —C) EXP('(U"J)I

x(t)=C +exp(—Lm, 1) { vo +(6a, + @ Xxo —C)

exp(@yt) —
20 20,



Solving the case lll vibration equation

Critically Damped Solution: <{=1 = x=C+ xatl.‘e_‘;“’”r + Az;e_; v

Initial Conditions: () =C+4, =x,

dx

Al = Xp —-C :’12 =1 +(t)” (."('0 —C)

x(t) = C +{(xg = C) +[vg + ,(xg — O) ]t} exp(-c3,1)



Solving the case lll vibration equation

Underdamped Solution: &£ <1 = x=C+ Ale(—iﬂ’n”fﬂd)f n Aze(—-i'%—ffﬂd)f

Initial Conditions: x(0)=C+ 4, + 4, =x,

ax : .
i A (io; —Lo,) — 4, (io,; +Lo,) =1,
=0
= 4, __;Yo+(cmy, +10)(xo —C) PR +(&w, —imy)(xg —C)

20, - 20,

Vo + &, (xp -C) i (eimdr _ o it )}

x()=C+ exp(—;'fo,,?){(xo - C)%( eV + 1% |- - -
e ! d i

Euler’s formula:

Vo + ; . (.TU — C)

x(t) = C +exp(—Zm,t) {(.’(‘0 — C)cos oyt + sin mdr}
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2.9.4: Example: The spring-mass system shown in the figure is critically damped. h

Find the new damping factor if one spring is removed. i iﬂ:i

Far}zw/a,_ 5 = C-/(Z fk,T")
" Catical damﬁ/@ = &=

(1

For omgqmal system &, = _<c {
R zrm’

For sgniem with | S/bﬂ'@ remgyed

S—ﬁu: C "':['é—’s_l = ‘f?
A rm’




2.9.5 Example: Design a thrust-stand Thruster

Constraints: T == EI?
1. Mass of stand+engine 1000kg k, L,

2. Max expected thrust: 100 kN —yW—
3. Max deflection 1cm -}

4. Must reach equilibrium deflection as quickly as possible ¢ ——

Find values for kK and c.

Hffmoh (1) Staties fo bind &
(2) Cnfical dam}ér@ 70 75'1:723/ C

(1) Statia P Q

Fs «—
£f=0 =D FT—FS —@:O T:;;

Fe - _ =0 becaus<
s> kx ol = c./% Static
Hemee | Fr= kx = f=17/x =10" NVm




9.9.5 Example: Design a thrust-stand Thruster

Constraints: b T ZZ:Z [?
1.  Mass of stand+engine 1000kg 2 Lo

2. Max expected thrust: 100 kN —MWA -
3. Max deflection 1cm —T}

4. Must reach equilibrium deflection as quickly as possible ¢ I 04
Find values for kand c. x(t)

Cretica d&iﬂ?/b;}'z > Z=Cc =1
J 2l rem '

(1

> lc= 2] km ' = R00 kNS /m




5.5.6: Example: Impact of a baseball is idealized as a
damped spring-mass system.

At time t=0 x=0 A
ime =0 - g Vo
Find a formula for x(¢) interms of .o,
If £ is small, rebound occurs at approximately x =0

Show that the restitution coefficient is e ~ exp(—7<)

The impact movie shows contact last for 4 millisec and e=0.6. The baseball has mass 0.145kg.

Find k,c for the baseball

Appoach (1) Deave E0M  (F=ma)
) R) Solve
(3) Use solwton o predict rebound
veloety = find &

__F:m_ﬂ_a Fo
md%c = %"FFO{ FS:—'éK
ct? fof = —colx 4
of Fs



Hence L /P ol>% + [Cldx + x =O
Ly dt* At
A8 /ton
&Uf} E eom /1//}{. Wy = S = <&
‘ )

2/ renm '

We knmw  ball rebounds = Urierolamped
= S <

vy @, (xg —C)

sin (Udf\['

x(t)=C + exp(—cm, 1) l(nrg — ') cos @yt + - J
d

C=0 Gven Xx=0 @ E=O = Xp=0
dx/ﬁfb = Ve & E =m

9 |xX(t) = Vo exp(-Sw,t) Sin Wi t
ol Lol = Wn J 1"5‘2'{




Mndens%mmg Solutm LA S’Q/b& Vo

Slope
Kestitn?ion coefficient ,
e- -\ '

k 7>
Vo " Rebound = .

At rebound x ~O
=> S (Wd teontact) = O
M@/ 6(’.0!’?9’22&{. =TT
éCOﬂ’f‘“[xﬁ = TT /ol

= a%g Yo exp (St t) Sin a)a/t}

exp (~Swnt) g S W, 8in WL U0y mamg

<
5

n

S & vy



Kedournof l/e,/oc:z'frj © Substifyte £ = T /Lo
> V= -Vo ex -3wnn> wel

Wd” Wol
Hence ==Vi = exp ( -Seon T )
Vo Wd
7~ Wn ] 1-Z




o1 olafa
Finally fmd ke frm given o
De=06 = exp(-78) =06 - &- =

Tec O16 o
- 10733 Crprtnct T
t L= L r/IO o
(2) contae - )
2 écmfau" J -5

= 0'145@3
kD b=mk, MW
Wn-j £

"'-> k, /‘/¢ kN/’?/\
= C = ZJ S - Z/—Z /ﬂ’i
C_ '—D — km ’ Mg
g-‘- i—
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Procedure
) Frnd
(R)  Find

%:#in(

/ben‘w{ T ’
“/Qﬂ Aecrement

X (o)
X (tn)

Natural
/o9

)

Then

Wy = J;Z,L'ﬂ'tﬂ- gt-i
T

Displacement

time




Proof
Damped  vibatn 0l x(6): Aexp (-Stont) Sm(Wy t45)

Yene Xlto) = Hexp-tbtimto) sm—bogtoty)
Xbn)  Aexp gvsw,,(;ﬁormﬂfw

D Ylt) - exp (Szonnl)

X {tn) _
S 8=_1_1@()c<to) ) = 5u ]
n X (tn) i |
HKocal] T = AT /vy WA = Wn)1~5*
> =215 o5 §= & Wy- S _J@,,ng_'L’




vibration of a vibration m

Example: Fig shows b

isolation table.
%.ic %k

I

L

Find @,.¢
Appoach :  Use F0mnla:
From gmph

() T= 0255
() A?j olecrement

5:_“ S = O]
JUNT+ET

Displacement (mm)
I’t} X (=] - [(N]
T T T T |

]
a{.ﬂ'

o5 { s
time (s)

=_[_.] 2-1Y = ©0'€3
2 @(FZ)

wn:J(ﬁTLTgD ~ RS f‘dﬁ’/j’
T
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